Abstract. The collective pairing hamiltonian is obtained in the framework of the generator coordinate method in the gaussian overlap approximation with a slightly modified BCS function used as a generator function. The collective variable α, measuring the monopole moment of the pairing field, and the gauge transformation angle φ are chosen as generator coordinates. The vibrational ground states are calculated by diagonalisation of the collective pairing hamiltonian in the harmonic oscillator basis.
Introduction
The collective pairing hamiltonian was originally introduced in Ref. [1] , where the intrinsic deformation of the pairing field α, related to the BCS gap parameter ∆, and the gauge transformation angle φ were used as collective variables. The pairing hamiltonian was then derived in framework of the cranking approximation. A more general method which determines wave functions and the collective hamiltonian is the Generator Coordinate Method (GCM). The GCM derivation of the collective hamiltonian with the BCS functions as the generator functions were already performed in Ref. [2] [3] [4] , where the Gaussian Overlap Approximation (GOA) of the generator wave functions was used. The collective pairing Schrödinger equation was constructed using the single-particle plus monopole pairing hamiltonian.
The aim of this paper is to derive collective vibrations of the pairing field in GCM+GOA approach for the hamiltonian based on the single-particle Nilsson potential [5] and the δ-pairing interaction [6] [7] [8] . The latter requires introducing a suitable collective variable different from the monopole pairing gap used in [2] . Here we have used the same generator coordinate α = u k v k as in Ref. [1] , which as suggested in Ref. [9] is a natural choice for this type of collective motion.
The paper is organized as follows: In Sect. 2 we discuss the properties of the δ-pairing interaction. In Sect. 3 the collective coordinates and the form of the collective pairing hamiltonian are introduced. The formulae for the GCM+GOA mass parameters are compared to the cranking ones. The method of diagonalising the collective pairing hamiltonian is described in Sect. 4. Sect. 5 contains numerical results and Sect. 6 conclusions. In Appendix A we discuss the multipole expansion of the δ-force and a e-mail: ksieja@hektor.umcs.lublin.pl demonstrate validity of our choice of α as the collective coordinate.
δ-pairing forces
The nuclear mean-field hamiltonian with the residual pairing interaction can be written aŝ
The summation runs over the eigenstates |k of the singleparticle hamiltonianĥ. The antisymmetrized matrix element of the pairing interaction V kkll in the pairing hamiltonian (3) is given by the following expression
Here Φ k (r, σ) is the single-particle eigenfunction ofĥ in the space (r) and spin (σ) representation and Φk(r, σ) is its time reversal counterpart. V τ (r 1 , σ 1 ; r 2 , σ 2 ) is the δ-pairing force [6] 
In the following we consider the proton-proton (p-p) and neutron-neutron (n-n) part of the interaction only. Taking this into account one obtains:
where
and V 0 is the pairing interaction strength as adjusted in Ref. [10] . The pairing gap equations become
where e l is the single particle energy and the Fermi level λ is determined from the particle number equation
The coupled set of Eqs. (8) and (9) is solved numerically by the appropriate iteration procedure.
Collective pairing hamiltonian
Following Ref. [11] we construct the monopole pairing operator (see Appendix) which characterizes the amplitude of excitations connected with vibrations of the pair densityÂ
The pair condensate can be described by the mean value of the operator (10) in the BCS like state
where N is the number of particles, φ is the gauge angle and the average pairing gap is given by the expectation value of the operator (10)
Using (11) as a generator function and α, φ as generator coordinates and following the steps of Ref.
[2] the collective hamiltonian
is derived. In Eq. (13) γ αα , γ φφ are related to the widths of the Gaussian overlap and M −1
φφ are the components of the inverse mass tensor. The quantities appearing in Eq. (13) are analogous to the general expressions obtained for the ∆ and φ coordinates in the monopole pairing case [2] . V (α) is the collective pairing potential equal to
where E 0 is the so-called zero-point energy. The collective pairing hamiltonian (13) is hermitian with the Jacobian
It means that the eigenfunctions of (13) should be orthogonal with the above measure. The mean value of the hamiltonian (1) is evaluated using the constraints N = const and α = const which leads to minimization of the average value of the operator
calculated in the BCS state (11) . Here λ and ξ are Lagrange multipliers. The expectation value of the BCS hamiltonian in Eq. (14) is given by
where E k = (e k − λ) 2 + ∆ 2 k is the quasiparticle energy. The final expressions for the nonvanishing components of the metric and mass tensors are
where σ is equal to
The zero-point energy appearing in Eq. (14) reads
The first term in Eq. (23) represents the collective correlations in the ground state energy whereas the second corresponds to the approximate particle number projection [4] . An alternative method of treating collective vibrations is the cranking model [12, 13] . The mass parameters in this case read
and the collective potential is usually assumed to be equal to E BCS (17).
Diagonalisation of the collective pairing hamiltonian
Having found the collective potential, the mass and the metric tensors, we can evaluate the collective hamiltonian numerically. Only the vibrational spectra will be constructed here as the quasirotational states correspond to the bands built from the ground states function of the neighbouring even-even isotopes (or isotones). In the first step we perform a transformation from the α coordinate to a new variable x in which the mass parameter M xx is nearly constant
The mass parameter M αα is a rapidly decreasing function of α and can be approximated by the function
where α 0 and b parameters are chosen to approximate the mass parameter in the best way. Variables x and α are connected through the equation
where µ is an arbitrary constant. The basis states used to diagonalise the hamiltonian (13) are generated by the harmonic oscillator hamiltonian
with frequency ω determined from the plateau condition of the energy ∂E/∂ω ≈ 0, where E is the ground state energy of the collective hamiltonian (13) . In our case only the even eigenstates are picked (see [2] ) These eigenstates which satisfy the usual normalization conditions
are employed to calculate the matrix elements of the collective hamiltonian (Eq. 13). The digonalization was performed in a basis of N max = 19 oscillator shells.
Results
We have considered a few nuclei in the rare earth region. The A = 165 parameter set of the single particle Nilsson potential is used [14] . The δ-pairing strengths as obtained in Ref. [10] are 
The fit of the V 0 parameters was done for the pairing window with 2 √ 15 n levels closest to the Fermi energy where n = N for neutrons and n = Z for protons [14] . (17) as a function of the collective coordinate α whereas the solid line corresponds to the GCM collective potential (14) . The particle number corrected BCS energy, i.e., the one with extracted E φ 0 energy is also shown (thin solid line). Zero value on the abscissa corresponds to the minimum of the BCS energy. The particle number projected energy is about 2 MeV deeper than the BCS energy minimum and its position is shifted in the direction of larger α. Analogously, the GCM ground state energy which additionally contains the zero point energy corresponding to the pure α vibrations has a minimum shifted by a similar amount towards larger α.
The M αα and M φφ components of the mass tensor for both GCM and the cranking model are shown in Fig.  2 . The ratio of the α component of the cranking mass (dashed line) to the GCM mass (solid line) is close to 2/3 in the vicinity of the minimum of the GCM potential. The decrease of the collective mass with α (or ∆) has a significant influence on the spontaneous fission half lives of heavy nuclei, as shown for ∆ collective coordinate, as well as on the height of the fission barriers (see e.g., [15] ). Similarly in case of the collective Bohr model calculations [16, 17] the inclusion of coupling of quadrupole vibrations im- V [MeV] 10 P Fig. 3 . The collective potential V (α) (solid line), the GCM mass parameter Mαα(α) (dotted line) and the probability density P = |Φ0(α)| 2 √ γααγ φφ (thin solid line) of the ground state for protons in 148 Ce. The ground state energy E0 is marked. The arrows indicate the positions of the minimum of the potential and the maximal value of the probability distribution on the α axis.
proves significantly the agreement with the experimental data.
In Fig. 3 we show the collective potential V (α) (solid line), the GCM mass parameter M αα (α) (dotted line) and the probability density P = |Φ 0 (α)| 2 √ γ αα γ φφ of the ground state (thin solid line). The short line segment in the middle of the figure marks the position of the ground state energy. The arrows indicate the positions of the minimum of the potential (bottom scale) and the maximal value of the probability distribution (top scale). The α value of the equilibrium is 9.3 and the most probable value is 7.6. The latter is shifted towards smaller α values that implies the increase of the M αα by 1.5 factor on average. This behaviour is common for the majority of nuclei in the considered region. As shown in Ref. [16] in case of monopole pairing the use of the most probable value of the gap parameter (instead of the BCS gap) leads to a considerable improvement of the predictive power of the Bohr hamiltonian.
Conclusions
The first excited collective pairing vibrational states for even-even nuclei in rare earth region appear at energies close to 2.5 MeV for protons and 4.5 MeV for neutrons. Usually they have higher energies than two quasiparticle excitations and consequently one has to include these correlations in the ground state, only.
Since the pairing vibrations are strongly coupled with shape degrees of freedom of the nucleus it is hard to compare the results (which are similar to that obtained with the coordinate ∆) with experimental data.
Finally, it should be emphasized that the role of the collective coordinate α is analogous to the ∆ coordinate considered earlier.
We are indebted to Jerzy Matyjasek and Paul Stevenson for careful reading of the manuscript and valuable comments.
A Multipole expansion of δ(r)-force
In the following we consider the short range interaction operating between equivalent nucleons (T = 1, protons or neutrons)
equal to V 0 δ 3 (r) in case of the spin singlet (S = 0) and to 0 for the spin triplet (S = 1).
One can use the following representation of δ(r) δ 3 (r 1 − r 2 ) = 1 r 1 r 2 δ(r 1 − r 2 )δ(cos θ 1 − cos θ 2 )δ(φ 1 − φ 2 ) .
(34) This form is very useful when separating the angular and radial parts. Using the relation δ(cos θ 1 − cos θ 2 )δ(φ 1 − φ 2 ) =
and angular momentum algebra (see Talmi [18] ) one gets the following energy shift of the identical (T = 1) particles state |j 1 j 2 J , V δ (J) = V 0 F R (n 1 l 1 n 2 l 2 ) I(j 1 j 2 J) , Now we show that the δ interaction is separable in the particle-particle channel. To do this we define the creation operators of a pair of particles coupled to the angular momentum JM field operatorsÂ J readŝ
is the multipole deformation of the pairing field. The term A 0 corresponds to the operatorÂ used in the present paper (see Eq. (10)) and describes the monopole type deformation and the parameter α 0 corresponds to the collective deformation parameter α used in the text
